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"S ■ 1 Introduction. Notations. Problem Statement. 

For the (complex) measurable function / = f{x) defined on the X = {x} = T"^ = 
[0, 27r]'^, (i = 1, 2, . . . or X = i?"^ we denote correspondent^ the Fourier coefficients 
^ . and transform 



cin) = / exp(i(n, x)) f(x) dx, F[f](t) = / exp(i(t,x)) fix) dx, 
where as usually 

F[/](t)'=i/ hm / eM^it,x))f{x)dx, 



d 



X = (zi, Z2, . . . , Xd), n = (rii, n2, . . . , nrf), t= (ti, ^2, ■■■,td), dx=\{ dxj 
if a: e R'^, and dx = (2^)''^ n^=i dxj in the case X = T'^; 

d 

n, = 0, ±1, ±2, . . . , (t, x) = ^tjXj, |?T,| = max |nj|, |t|=max|tj|. 



SmUMx) = (27r)-^ Yl c(n)exp(-2(n,x)), x G T'^; 

n:\n\<M 

SmUKx) = (27r)-'^ / exp{-t{t,x)) F[f]{t) dt, x G i?f 

Jt:|t|<M 

We will assume in this paper that the function /(■) belongs to some Orlicz space 
L{N) = L{N; X) with so - called exponential N — function N = N{u) or some 
rearrangement invariant space E with fundamental function (psi^), S > 0, and will 
investigate the properties of Fourier transform of /, for example, the boundness of 
operators S'm[-], sm["] and the convergence and divergence in some Orlicz norms 
SMim ^ /, SMim ^ / as M ^ oo. 

Note than the case if the function A^(-) satisfies the A2 condition is known; see, 
for example, [13], [11, p 193 - 197]. Our results are also some generalization of [4]. 
The case of Hilbert transform and generalized functions {/} see in [2.] 

Now we will describe the using Orlicz and other spaces. Let (X, A, fi) be some 
measurable space with non - trivial measure /x. For the measurable complex function 
f{x) = fi{x)+if2ix),x e X, /i,2 : X ^ R^ the symbol \f\p = \f\p{X,n) will denote 
the usually Lp norm: 



I/I, 



Lp{X,fi) 



X 



\fix)\P fxidx) 



l/p 



, P>1- 



In the case X = W^ we introduce a new measure z/(-) (non - finite, in general case): 
for all Borel set A C R'^ 



„ d „ d d 

{A) = / Wx^"^ dx = I Wx^^ ■'Wdxi, 

J A ■ 1 J A -1 -1 



and will denote \f\p{i') 






f 



Lp{X,u) 



X 






X 



n 






p-2 



\f{x)\^u{dx) 

l/p 



l/p 



\f{x)\Pdx 



For arbitrary multiply sequence (complex, in general case) c{n) = c{ni,n2, ■ ■ ■ ,nd), 
Hi = 0, ±1, ±2, . . . , n G Z'^ we denote as usually 

-|i/p 

|c|p= mc(^)r , P> 1; 



and introduce the discrete analog of |/|p(z^) norm: 



\c\p{i^) 



/ 


d 


p-2 \- 


> ; c(n)r ■ 


11 n, 


+ 1 


L" V 


i=i 


/. 



l/p 



, P>2. 



Let A^ = N{u) be some A^ — Orlicz's function, i.e. downward convex, even, continu- 
ous differentiable for all sufficiently greatest values u, u > Uq, strongly increasing in 
the right - side axis, and such that N{u) = 4^u = 0; u-^oo =^ dN{u)/du — > 
oo. We say that A^(-) is an Exponential Orlicz Function, briefly: N{-) e EOF, if 
N{u) has a view: for some continuous differentiable strongly increasing downward 
convex in the domain [2, oo] function W = W{u) such that -u ^ oo ^ W^{u) -^ oo 

N{u) = N{W, u) = exp(W^(log \u\)), \u\ > e\ 

For the values u G [— e^,e^] we deflne N{W,u) arbitrary but so that the func- 
tion N{W, u) is even continuous convex strictly increasing in the right side ax- 
is and such that N{u) = -v^ m = 0. The correspondent Orlicz space on 
T'^, i?°' with usually Lebesque measure with N — function N{W, u) we will denote 
L{N) = EOSiW); EOS = Uw{EOS{W)} (Exponential Orhcz's Space). 
For example, let m = const > 0, r = const G R^, 

NmAu) = exp [\ur (log-'"^(Ci(r) + \u\))] - 1, 

Ci(r) = e, r < 0; Ci(r) = exp(r), r > 0. Then A^m,r(') £ EOS. In the case r = 
we will write A^^ = -^m,o- 

Recall here that the Orlicz's norm on the arbitrary measurable space (X, A, fi) 
||/||L(A^) = L{N,X, fi) may be calculated by the formula (see, for example, [11], p. 
73; [6], p. 66) 

\L{N) = inf [v-' (l + J^ N{v\f{x)\) fi{dx)^ } . 

Recall also that the notation A'^i(-) << A^2(') for two Orlicz functions A^i, N2 denotes: 

VA > ^ lim NA\u)/N2(u) = 0. 

M— >C10 

We will denote for arbitrary Orlicz L{N) (and other r.i.) spaces by L^{N) the closure 
of all bounded functions with bounded support. 

Let a be arbitrary number, a > 1, and A^(-) G EOS{W) for some W = W{-). 
We denote for such a function N = N{W, u) by N^°'\u) a new A^ — Orlicz's function 
such that 

iVH(„)=Ci |m|", \u\e [0,^2]; 

Ar(")(tz) = C3 + C4|M|, \u\e{C2,C,]- 

Ar(")(M) = A^(m), |m|>C5, 0<C2<C5<00, (1.1) 

Cl,2,3,4,5 = C'l,2,3,4,5("5^("))- 

In the case a = m{j + 1), m > 0, j = 0, 1, 2, . . . the function N^\u) is equivalent 
to the following Trudinger's function: 



N^\^) - <JH = exp i\un - ^«™7/!. 



This method is described in [15], p. 42 - 47. Those Orhcz spaces are apphed to the 
theory of non - hnear partial differential equations [15]. 

We can define formally the spaces L{N^') at m = +cxd as a projective limit at 
m — > oo the spaces L(A^^^), but it is evident that 

l(n^^^) ^L^ + L^, 

where the space Loo consists on all the a.e. bounded functions with norm 

|/|oo = vraisupx(zx\f{x)\. 
Of course, in the case X = T'^ 

-l-'a + J-'oo ^^ Loo- 
Here and further we will denote by Ck = Ck{-),k = 1,2,... some positive finite 
essentially and by C, Co non - essentially "constructive" constants. It is very simple 
to prove the existence of constants 6*1,2,3,4,5 = Ci,2,3,4,5{oi, N{-)) such that A^*^"^ is 
some new exponential A^ Orlicz's function. By the symbols Kj we will denote the 
"classical" absolute constants. 

Now we will introduce some new Banach spaces. Let a = const > 1 and 
ip = ip{p), p > a be some continuous positive: ip{a) > finite strictly increasing 
function such that the function p -^ plogiplp) is downward convex and 

lim ib(p) = 00. 

p^oo 

The set of all those functions we will denote \1'; ^ = {ip}. A particular case: 

^{p) = ip{W;p) = exp{W*{p)/p), 

where 

W*{p) = sup{pz -W{z)) 

is so - called Young - Fenchel, or Legendre transform of W{-). It follows from theorem 
of Fenchel - Moraux that in this case 

W{p) = [p \ogip(W;p)]* , p > Po = const > 2, 

and consequently for all ■?/'(■) G ^ we introduce the correspondent A^ — function by 
equality: 

-^([V']) = N{['4']iu) = exp {[piog^'ip)]* (log-u)} , u > e^. 

Since V ■?/'(■) G \E', d = 0,1, . . . =^ p'^ ■ ip{p) G \E', we can denote 



For instance, if N[u) = exp{\u\"^), u > 2, where m = const > 0, then 

Nd{[lp],u) ~ exp (^lul'^/idrn+l)^ , U>2. 

Definition 1. We introduce for arbitrary such a function ■?/'(•) G ^ the so - called 

G{a; ip) and G{a; ip, v) norms and correspondent Banach spaces G{a\ ip), G{a, ip, v) 
as a set of all measurable complex functions with finite norms: 



and analogously, 



||/||G(a;^) = sup(|/|,Mp)), 



||/||G(a;^,z/) = sup(|/|,(z/)/^(p)). 

p>a 



For instance ip{p) may be ip{p) = ipm{p) = p^^"^, m = const > 0; in this case we will 
write G{a,ipm) = G{a,m) and 

||/||G(a,m) = sup(|/|pp-i/™). 

Also formally we define 

||/||G(a,m) = |/U+|/U. 

Remark 1. It follows from Jensen inequality that in the case X = T'^ all the spaces 

G{ai;ip), G{a2,ip),l < ai < a2 < oo are isomorphic: 

\\f\\G{a;^) < ||/||G(1;^) < max(l,^(a)) ||/||G(a;^) 

It is false in the case X = R^. 

Remark 2. G{a;ip) is a rearrangement invariant (r.i.) space. G(a,m) has a 
fundamental function (f){6;G{a,m)), 6 > 0, where for any rearrangement invariant 
space G 

0(5;^) =^||/a(-)||G'(-), mesiA) = 5 eiO,oo), 
mes{A) denotes usually Lebesque measure of Borel set A. We have: 

);G{a,m)) = (e m \ \og5\)~'^^"', 6 > exp(-Q;/m), 

); G{a, m)) = a'^/™ 5^/", 6 G (0, exp(-a/m)). 



Let us consider also another space G{a,b,a, P), 1 < a < b < oo; a,/3 > 0. Here 
X = R^ and we denote h = min((a+6)/2; 2a). We introduce the function ( : (a, b) -^ 
Rl: 

C(p) =C{a,b,a,p;p) = {p ~ aY , pe {a,h); 

C{p) = {b-pf, pe [h,b). 



Definition 2. The space G{a,b,a, f3) consists on all the complex measurable func- 
tions with finite norm: 



\\f\\G{a,b,a,f3)= sup [\f\p ■ C{a,b,a, (3;p)] . 

-pe{a,b) 

The space G{a,b,a, f3) is also a rearrangement invariant space. After some calcula- 
tions we receive the correspondence fundamental function (f){6; G{a, b, a, (3)). Namely, 
let us denote 5i = exp{ah'^/{h — a)) and define for 6 > 6i 



Pi =Pi{S) 



log 5 
~2^ 



log 6 a log (5 



4a2 



a 



1/2 



and for 6 G (0, 6i] 






Further, set 82 = exp{—h'^P/{b — h)), and for 6 G (0, ^2) P2 = P2{S) 



\og6\_ 

2(5 



\og^5 A\og6\ 



nl/2 



4/52 



/9 



and for 5 > ^2 we define 
We can write: 



; G{a, b, a, (3)) = max [0i((5), 02(<5)] • 
Note than at 5 — > 0+ 

(f){6; G{a, b, a, (3)) ~ max [6^/\h - a)", {epbY 5^'^ \ log^r'^} 

and at 5 — !► 00 

0((5; G{a, b, a, /9)) ~ max [6^/''{b - hf, i^a^ae-'^Yb^l'' (log 5)""} . 

For example, let us consider the function j{x) = f{a,b;x), x E R^ ^ R : f{x) 
0, a;< 0; 

f(x) = x-^/\ X G (0, 1); f{x) = x^i/", X G [1, 00); 

then /(a, b, ■) G G{a, b, 1, 1) and 



V A G (0, 1/2] ^ / ^ G{a, 6, 1 - A, 1) U G{a, 6, 1, 1 - A). 



Analogously may be defined the "discrete" g{a,b,a, P) spaces. Namely, let c = 
c{n) = c{ni,n2, ■ ■ ■ ,nd) be arbitrary multiply (complex) sequence. We say that 
c G g{a, b, a, P) if 

\\c\\g{a,b,a, (3) = sup |c|p (p — a)" (6 — p)^ 

pe{a,b) 

It is evident that the non - trivial case of those spaces is only ii j3 = 0; in this case 
we will write g{a, b, a, 0) = g{a, a) and 

||c||5'(q;) = sup \c\p {p — a)". 

p>a 

We denote also for ip{-) G ^ : ||c||5'(-(/', i') = 

sup [|c|p(z/)/-?/'(p)] , ||c||m('^) = sup |c|p(z/) ■ p^^'^ , m = coust > 0. 

Our goal is investigating the boundness of Fourier operators and con- 
vergence (divergence) Fourier series and integrals in exponential Orlicz 

and G(a, 6, a,/9), g{^,i^) etc. spaces. 

Note than our Orlicz A^ — functions A^ G EOS does not satisfy the so - called 
A2 condition. 



2 Formulations of main results. 

Theorem 1. Let X = [0,2ttY and ip & "$. Then the Fourier operators Sm[-] are 
uniformly bounded in the space L{N[iIj]) into the other Orlicz's space L{Nii[ 



sup \\sM[f]\\L{N,[ij]) < C,{d,i,) ||/||L(Ar[^]). (2.1) 



M>1 



Theorem 2. Let now X = W^, ip & "^ and a = const > 1. The Fourier operators 
Sm['] are uniformly bounded in the space L{N^"^[ip]) into the space L{N^" [ip]) : 

sup \\SM[f]\\L{N!f\^]) < C,{a,d,^) ||/||L(A^(")H). (2.2) 

M>1 

Since the function N[iIj] does not satisfies the A2 condition, the assertions (2.1) and 
(2.2) does not mean that in general case when / G L{N2\ 



hm \\sM[f]-f\\L{N,[^]) = 0, (2.3) 

hm \\SM[f]-f\\L{N!r\^]) = 0; (2.4) 

M— >cio 



see examples further. But it is evident that propositions (2.3) and (2.4) are true if 
correspondently 

Also it is obvious that if / G L{Nd[ip]),X = [0,2itY or, in the case X = R'^, f e 
L(iVi"^[^]), then for all EOF $(■) such that $ << Nal^p] or $ << N^f\['ip]) the 
following impications hold: 

V/ G L{N,[^]) ^ hm \\sM[f] - fm<^) = 0, X= [0,27r]'^; (2.5) 

V/ G L(N,[ij]) => hm WSmU] - fWm) =0, X = R". (2.6) 

Theorem 3. Let $(■) he an EOF and let N{-) = L'^iu) G EOF, where 
L{y), y > exp(2) is a positive slowly varying at u ^ oo strongly increasing contin- 
uous differentiahle in the domain [exp(2), oo) function such that the function 

W{x) = Wl{x) = logL~-^(expa;), x G [2, oo) 

is again strong increasing to infty together with the derivative dW/dx. In order to 
the impication (2.5) or, correspondently, (2.6) holds, it is necessary and sufficient 
that $ << L{Nd['ip\), or, correspondently $ << L{N'f\^]). 

For instance, the conditions of theorem 3 are satisfied for the functions A^ = 

Nm,r{u)- 

Theorem 4. Let /(■) G ^(1, 6, a, 0), a > 0. Then F[f] G L{Nf^^) and 

su^\\SM[f]\\L(Nf/\<C^{a,N) ||/||G(1, 6, a, 0). (2.7) 

M>1 ^ ' ^ 

Theorem 5. Let {(f)k{x),k = 1,2,...} be an orthonormal uniform boumded: 
supi^^\(f)k{x)\ < oo sequence of functions on some non - trivial measurable space 
{X,A,fj,) and (in the L2(X, /i) sense) 



A). If c E g{;ip,u), then 



/(^) = IIc(A;) ^fc(a;). 
fc=i 



L(Ari[V'],X,/x)<C9-(max(l,sup|0fe(x)|))-||c||(?(V',z/), (2.8) 

k,x 

B.) Let c G g{(y) for some a G (0, 1]. We assert that 



L[Ni/a,X,fx) < Cio(a) ■ (max(l,sup|0fc(x)|) ■ ||c(-)||5f(a). 

^ ^ k,x 

Theorem 6. If f E G{a\%l),v), where a > 2, then 

sup||5M[/]||L(Ari")[V;]) <Cn(«,^,Ar,z/) ||/||G(a; V^,z/). (2.9) 



3 Auxiliary results 

Theorem 7. Let N{u) = N{W,u) = exp(W^(log-u)), u > e^, tpip) = 
exp{W*{p)/p), p > 2, and X = T'^. We propose that the Orlicz's norm \\ ■ ||L(A^) 
and the norm \\ ■ \\G{iIj) are equivalent. Moreover, in this case / 7^ 0, / G G{iIj) (or 
f e L{N{W{-),u) ) zf and only if 3Ci2, C13, Cu G (0, cx)) ^ V m > Cm 

T(|/U)<Ci2exp(-W-(log(«M3))), (3.1) 

where for each measurable function f : X ^ R 

T{\f\,u) = mes{x : |/(a;)| > u}. 

Proof of theorem 7. A). Assume at first that / G L(N), / 7^ 0. Without loss 
of generality we suppose that ||/||L(A^) = 1/2. Then 



f N{W,\f{x)\) dx<l<oo. 



The proposition (3.1) follows from Chebyshev's inequality such that in (3.1) Cu = 
1, C^s = C^, = l/\\f\\LiN), / ^ 0. 

B). Inversely, assume that /, / 7^ is a measurable function, f : X ^ R^ such 
that 

T{\f\,u) < exp(-W^(logM)), u > e^ 

We have by virtue of properties of the function W : 



Ni\fix)\/e')dx= + =/i + /2; 

h< I Nil) dx = iV(l), 
Jx 

00 „ 
h<Y.L , , ^^^^MW{\f{x)\/e'))dx< 

00 00 

X^exp((W^(A;-l)) T(|/|,A;) < ^ exp(l^(A; - 1) - W^(A;)) < 00. 

fc=2 fc=2 

Thus, / G L{N{W)) and 

N{\f{x)\/e^) dx<N{l) + Y,ex^{W{k-l)-W{k)) < 00. 

-^ k=2 

C). Let now / G G(jl)); without loss of generality we can assume that ||/||G('?/') = 1. 
We deduce ioi p >2 : 

' |/(a;)|Prfa;<<(p). 



X 



We obtain using again the Chebyshev's inequality: 

T{\f\,u) < u~^ip^{p) = exp [—plogu + p log ipi^p)] , 
and after the minimization over p : u > exp (2) =^ 

T{\f\,u) < exp — sup(plog'u — p\og^lj{p)) = 

exp {{p log ipi^p))* (log u)) = exp(— W^(log-u)). 
D). Suppose now that T{\f\,x) < exp(— W^(loga;)), x > exp(2). We conclude: 

^oo ^cxp(2) 

\f{x)\Pdx = p x^"^T{\flx)dx = p xP-^T{\flx)dx+ 

X Jo Jo 



rcxp(2) 



p 



/ xP-^T{\f\,x)dx<p x^-^dx + p xP-^T{\f\,x)dx< 

Jexp(2) JO Jcxp(2) 

/■oo 

e^^ + / px^~^ exp(— W^(loga;)) (ia; = 

Jcxp(2) 

e^^ + p / exp{py — W{y)) dy, p > 2. 



We obtain using Laplace's method and theorem of Fenchel - Moraux ([8], p. 23 
25): 

/ \f{x)\Pdx < e^P + C^exp lsnp{py - W{y)y\ = e^P+ 

JX \y>2 J 

CPexp{W*{p)) = e^P + CP exp{plogij{p)) < C^ ^P{p). 

Finally, I I/I |G'(^)<oo. 

For example, if m > 0, r & R, then 



feL (iV^,,) ^ sup \\f\p p-1/™ log->' 



p>2 



< oo -^ 



T(|/|,m) < Co (m,r) exp (-C(m,r)M™ (log""" m)), u>2. 
Remark 3. If conversely 

T(|/|,x) > exp(-W^(loga;)), x > e^ 

then for sufficiently large values of p; p > Po = Po{W) > 2 

\f\p>Co{W)ij{p), Co(W^)G(0,oo). 



(3.2) 



Remark 4- In this proof we used only the condition < mes{X) < oo. Therefore, 
our conclusions in theorem 7 are true in this more general case. 



10 



Theorem 8. Let ip e '^. We assert that f G L^{N[iIj]), or, equally, f G C^iip) 
if and only if 

Jim|/|,Mp) = 0. (3.3) 

Proof. It is sufficient by virtue of theorem 7 to consider only the case of G{iIj) 
spaces. 

1. Denote G'^^P) = {/ : hm^^oo Ifl/Hp) = 0}. Let / G G%i^), / ^ 0. Then 
for arbitrary 6 = const > there exists a constant B = B{6,f{-)) G (0, oo) such 
that 

\\f-fI{\f\<B)\\G{^)<6/2. 
Since |/|/(|/| < B)\ < B, we deduce 

\fii\f\<B)yi,ip)<B/i,{p). 

We obtain using triangular inequality for sufficiently large values p : p > Po{^) = 
PoiS,B) ^ 

\fy^{p)<6/2 + B/^{p)<6, 

as long as ip{p) — > oo at p ^ oo. Therefore G^lip) C G^^lip). 

(The set G°° (■?/') is a closed subspace of G{iIj) with respect to the G{iIj) norm and 
contains all bounded functions.) 

2. Inversely, assume that / G G'^'^i^ip). We deduce denoting fs = fsi^) = 
f{x)I{\f\ > B) for some B = const G (0, oo) : 



Further, 



Vg > 2 ^ hm I/bIq = 0. 
\\fB\\G{ilj) = sup \fB\p/ip{p) < max\fB\p/-^{p) + 

p>2 P<Q 

sup|/b|p/V^(p) = 0-1 + 0-2; 

p>Q 

^2 = sup |/b|p/^(p) < snp{\fy^{p)) < 6/2 
p>Q p>Q 

for sufficiently large Q as long as / G G*"^ (■?/'). Let us now estimate the value o"i : 

ai<max\fB\p/^{2)<6/2 

p<Q 

for sufficiently large B = B{Q). Therefore, 

hm ||/^||G(^) = 0, /gG°(^). 

B^oo 



11 



Theorem 9. Let ■(/'(■) = iIjn{-),6{-) = 6<s>{-) be a two functions on the classes ^ 
with correspondent N — Orlicz's functions N{-), $(■) : 

N{u) = exp{[p log ip{p)]* (log u)} , 

$(«) = exp {[plog6'(p)]* (log-u} , M > exp(2). 

We assert that liiiip^oo V^(p)/^(p) = z/ and only if N{-) >> $(■). 

Proof of theorem 9. A). Assume at first that lim.p^oo'^{p)/(^{p) = 0. Denote 

e(p) = ip{p)/6(j>), then e(p) ^0, p ^> oo. 

Let {/^, C, E Z} he arbitrary bounded in the G{il)) sense set of functions: 

sup||/cl|G'(^) =supsup|/^|p/^(p) = C< cx), 

then 

sup\fcye{p)<Ce{p)^0, p^oo. 

It follows from previous theorem that ^( E Z f(^ E G^{6) and that the family 
{/(^, C E Z} has uniform absolute continuous norm. Our assertion follows from 
lemma 13.3 in the book [6]. 

B). Inverse, let $(■) << A^(-). Let us introduce the measurable function f : X -^ 
R such that Vx > exp(2) 

ewi-2[plog^{p)]* (logx)) < T{\f\,x) < 

exp (— [plogip{p)]* (logx)) . 
Then (see theorem 7) 

/(■)gG(^), C,,{i;)i;{p)<\f\,<CM)i;{p), p>2. 

Since f E G{^), $ << A^, we deduce that / E G^{9), and, following, 

jim|/|,/%) = 0. 

Therefore, limp^oo V'(p)/^(p) = 0. 

Theorem 10. Let now X = R^ and ip E'^ . We assert that the norms 
II ■ \\L{N^°'\ [■?/']) and \\ ■ ||G(a,-?/'), a > 1 are equivalent. 

Proof. 1. Let \/p > a =^ \f\p < ip{p), / 7^ 0. From Chebyshev inequality 
follows that 

limT(|/U) =0. 

We can choose the values v, Gn, Cig, such that < Gn < Cig < 00, f G (0, 00) and 

Gu<T{\f\,v)<G^s<oc. 
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Let us consider for some sufficiently small value e G (0, eo), cq G (0, 1) the following 
integral: 

Ia,N{f) = I N^''\e\f{x)\ dx = h + h, 
Jx 

where 

A = / , , , Ar(")(e|/(x)|) dx, /2 = / ^ ^, ^ N^''\e\f{x)\) dx. 

J{x:\f{x)\<v} J{x:\f{x)\>v} 

Since for z > v 

iV^"H^)<^i9(«,iV(-)) -Niz), 

we have for the set X{v) = {x, |/(a;)| > v}, using the result of theorem 7 for the 
space with finite measure: 

l2= f N^^\e\fix)\)dx<C2oia,N,e) ||/||L(iVH,X(t;)) < 

Jx(v) 

C2i(a,e,^)sup[||/||Lp(X(t;))/^(p)] < C21 sup |/|,/^(p) < 00. 
Further, since for z G (0,f) ^ 

we have: 

/l<C22(-) / \fix)rdx<00. 

Jx 
Thus, / G L(iVW[^]), ||/||L(iV(")[^]) < 00. 

2). We prove now the inverse inclusion. Let f E L (N^°'^[ip]] and 

||/||L(iV(")[. 

Hence for some e > 

/ N^''\e\f{x)\)dx<oo. 

It follows from the proof of theorem 7 and the consideration of two cases: \z\ < 
v; \z\ > V the following elementary inequality: at p > a and for all 2; > =^ 

\z\P < C23{a,e,N) N^'^^elzl) -rip)- 
We obtain for all values p, p > a : 

|/(x)r dx < Cf4(«,e,^) rip), WfWGia;^ < 00. 
n't 

Note that theorems 7-10 are some generalizations of [1, p. 201 - 233], [15], p. 29 and 
[8], section 1. The case of Hilbert transform of generalized functions {/} is consider 
in [2]. 
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4 Proofs of main results. 

At first we consider the case Orlicz spaces, i.e. if tlie function / belongs to some 
exponential Orlicz space. 

Proof of theorems 1,2. Let X = [0, 27r]'' and / G L{N[iIj]) for some ■i/' G \&. 
Without los of generality we can assume that ||/||L(A^[-(/']) = 1. From theorem 7 
follows that 

Vp>2 ^ |/|p < C25W ^(p). 

From the classical theorem of M. Riesz (see [3] , p. 100 - 103; [9] ) follows the inequality: 

snp \sM[f]\p<Kfp''^{p), K, = 27r. 

M>1 

It follows again from theorem 7 that 

sup \\sM[f] - f\\L{N,[^]) < i^f + 1< 00. 

M>1 

For example, if N{u) = Nm{u) = expd-ul™") — 1 for some m = const > 1, then 

sup||sM[/]-/||i^(iVw(rf-+i))<C26(rf,m) ||/||L(iV„). (4.1) 

M>1 

The "continual" analog of M.Riesz's inequality, namely, the case X = R, L{N) = 
Lp{R), p>2: 

snp \SM[f]\p<K^p'\f\p, K2 = l 

M>2 

is proved, for example, in [10], p. 187 - 188. [9]. This fact permit us to prove also 
theorem 2. 

Lemma 1. We assert that the "constant" m/{dm+ 1) in the estimation (3.5) is 
exact. In detail, for allm > 1 there exists g = gm{-) G L{Nm) such that VA G (0, m) 



sup IIsmMII^ (A^(m-A)/(dm+l) = OO. 
M>1 ^ ^ 

Proof of lemma 1. It is enought to prove that 

3g G L{Nm), \\H[g]\\L{N^ra^A)/{dm+i)) = 00, 

where H[g] denotes the Hilbert transform on the [0, 27r]'^, see [12], p. 193 - 197; 
[13]. Also it is enought to consider the case d = 1. 
Let us introduce the function 

g{x) = gm{x) = \log{x/{27r))\'/'-. 

Since for -u > 

mes{x : gm{x) > u} = exp (—«'") , 
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we conclude gm{-) G L{Nm) \ L^{Nm) (theorem 7). Further, it is very simple to 
verify using the formula for Hilbert transform ([3], p. 192) that 



C2sim) (I log(a:/(27r))|(™+i)/'" + l) < \H[g^]ix)\ < 
C29(m)(|log(x/(27r))|(™+i)/™ + l). 



Hence Vm > 2 

exp (-C29(m)M'"/('"+^)) < mes{x, \H[g^]{x) > u} < 

exp (-C3o(m) M™/(™+i)) . 
It follows again from theorem 7 that 

H[gm] G L{Nm/{rn+l)) \ L{Nm/{m+l)) ■ 

Hence VA G (0,m) =^ H[g„i] ^ ^(A^(m-A)/(m+i))- 

Proof of theorem 3. Let us consider the following function: 

CO 

z{x) = zl{x) = '^n^^ L{n) sin(nx). (4.2) 

n=8 

It is known from the properties of slowly varying functions ([14], p. 98 - 101) that 
the series (4.2) converge a.e. and at x G (0, 2tt] 

CqL{1/x) < z{x) < CL{l/x). 

Therefore, at m G [exp(2),oo) 

L-\Cu) < T{\zlu) < L-\Cou). 

It follows from theorem 7 and (3.2) that 

z{-) G L{N) \ L\N), N{u) = L-\u), u > exp(2). 

From theorem 8 follows that 

< Co < \z\p/^p{p) <C <oo, p>2, ij{p) = exp{W*{p)/p). (4.3) 

Note as a consequence that the series (4.2) does not converge in the L{N) norm, as 
long as the system of functions {sin(na;)} is bounded and hence in the case when 
the series (4.2) converge in the L{N) norm =^ z{-) G L^{N). 

Let us suppose now that for some EOF $(■) with correspondence function 6{p) 
the series (4.2) convergence in the L{^) norm. Assume converse to the assertion of 
theorem 3, or equally that 

\h^p^ooO{p)/^{p) > 0. (4.4) 
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Since the system of functions {sin{nx)} is bounded, z{-) G L*'($). By virtue of 
theorem 8 we conclude that 



hm \z\.r,/0(p) = 0. 



Thus, we obtain from (4.3) 

hm ip{p)/0{p) = 0, 



p— +00 

d -y n>d 



in contradiction with (4.4). The cases X = [0,27r] ,X = R are considered as well 
as the case X = [0, 27r]. 

Now we consider the case when / G G{a,b,a, P). 

Proof of theorem 4. Let / G G(l, 6, a, 0), ||/||G(1, 6, a, 0) = 1. ThenVgG (1,2] 

I/I. <(?-!)""• 

We denote p = q/{q — 1), then p G [2, cxd). We will use the classical result of Hardy 
- Littlewood, Hausdorff - Young ([3], p.l93; [16], p. 93; [17], p. 26): 

|F[/]|,<(27r)V2|/|^. 

We have in our case: 

\F[f]\, < (2vr)^/2 (g- l)-« = (27r)V2(p/(p _ i) _ i)- < (2vr)V2 p^ 

Our proposition it follows from theorem 10. 

Proof of theorem 5. A. We will use the classical result of Paley and F.Riesz 
([19], p. 120). Let {(f)k{x), A; = 1, 2, . . .} be some orthonormal bounded sequence of 
functions. Then p > 2 ^ 

\f%<K,.p ■(l + sup\M^)\y(y2\c{k)\p{\kr' + l)\ , (4.5) 

where K^ is an absolute constant, f{x) = Y^k^ik) (pk{x). 

Let c(-) G g{ip, v) and ||c||(7('?/', v) = 1. By definition of the g{ilj, v) norm 

oo 

^|c(A;)r (F-' + i)< \\c\\^g{i,,u)-V{p)- 
fc=i 

Therefore 

\f\v<K,C,,p-^{p), 

and by virtue of theorem 7 /(■) G L[Ni[%l)\). 

B. Here we use the "discrete" inequality of Hausdorff - Young, Hardy - Little- 
wood (see [16], p.lOl; [17], p.26:) 

|/|p<i^4|c|„ p>2, g = p/(p-l), K^ = 2ti. 
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If ||c||5'(a) = 1, then 

|c|,<(g-ir,|/|p<i^4P", P>2. 

Again from theorem 7 follows that f E L [Ni/^ 

Proof of theorem 6. The analog of inequality (4.5) in the case 

F[f](t) = / exi)(itx)f(x)dx, d = 1, 
Jr 

namely: 

\F[f]\,<K,p\fUu), 

when /(■) G Lpi^u) C G{h',a,i/j), see, for example, in ([16], p. 108). Hence for all 
p > a 

\\F[f]\\L{N;r\i'])<K,\\f\\G{a;i,,u). 

(The generalization on the case d > 2 is evident). 

Note that the moment estimations for the wavelet transforms and Haar series are 
described for example in the books [7], p. 21; [10], p. 297 etc. It is easy to generalize 
our results on the cases Haar's or wavelet series and transforms. 

In detail, it is true in this cases the moment estimation for the partial sums 
(wavelet's or Haar's) 

\PM[f]\p<Ke\f\„ X=[0,1], p>l, 

where Kq = 13 for Haar series on the interval X = [0, 1] and Kq = 1 for the classical 
wavelet series, in both the cases X = [0, 1] and X = R. Hence V-?/' G \E', /(■) G 
L(iV[^]) 

sup||PM[/]-/||^(iV[^])<(ir6 + l) \\f\\L{N[^]). (4.6) 

M>1 

But (4.6) does not mean in general case the convergence 

hm \\PM[f]-f\\LiN[^p]) = 0, (4.7) 

as long as if (4.7) is true, then /(■) G L^{N[iIj]) and conversely if / G L^{N[iIj]), then 
(4.7) holds. 

For the different generalizations of wavelet series the estimation (4.6) with con- 
stants Kq not depending on p, p > 2 see, for example, in the books ([5], p. 221; 
[18], p. 69). 
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